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In this paper we have introduced the notion of fuzzy real-valued bounded variation double
sequence space 2b vF . We have studied some of its properties like convergence free,
solidness, symmetricity, monotonicity, etc. We have proved some inclusion results too.
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1. Introduction
The concept of fuzzy set was introduced by Zadeh [1]. Based on this, sequences of fuzzy numbers have been introduced
by different authors and many important properties have been investigated. Applying the notion of fuzzy real numbers,
fuzzy real-valued sequence were introduced and investigated by many researchers on sequence space.
A fuzzy real number X is a fuzzy set on R i.e. a mapping X : R→ I(=[0, 1]), associating each real number t , with its grade
of membership X(t).
The α-level set of a fuzzy real number X is denoted by [X]α , 0 < α ≤ 1, where [X]α = {t ∈ R : X(t) ≥ α}.
A fuzzy real number X is said to be upper semi-continuous if for each ε > 0, X−1([0, a + ε)), for all a ∈ I is open in the
usual topology of R.
If there exists t ∈ R such that X(t) = 1, then the fuzzy real number X is called normal.
A fuzzy real number X is said to be convex, if X(t) ≥ X(s) ∧ X(r) = min(X(s), X(r)), where s < t < r .
The class of all upper semi-continuous, normal and convex fuzzy real numbers is denoted by R(I).
Let X, Y ∈ R(I) and the α-level sets be [X]α = [aα1 , aα2 ], [Y ]α = [bα1 , bα2 ], α ∈ [0, 1].
The absolute value of X ∈ R(I) is defined by (One may refer to Kaleva and Seikkala [2].)
|X |(t) =
{
max{X(t), X(−t)}, for t ≥ 0
0¯, otherwise.
The additive identity and multiplicative identity of R(I) are denoted by 0¯ and 1¯ respectively.
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Let D be the set of all closed bounded intervals X = [X L, XR]. Then we write
X ≤ Y if and only if X L ≤ Y L and XR ≤ Y R
and
d(X, Y ) = max{|X L − Y L|, |XR − Y R|}, where X = [X L, XR] and Y = [Y L, Y R].
Then clearly (D, d) is a complete metric space.
Now define d¯ : R(I)× R(I)→ R by
d¯(X, Y ) = sup
0≤α≤1
d(Xα, Y α), for X, Y ∈ R(I).
2. Definitions and preliminaries
Throughoutw, c , c0, `∞, and `1 denote the classes of all, convergent, null, bounded and absolutely summable sequences of
real or complex terms respectively.
A fuzzy real-valued double sequence is a double infinite array of fuzzy real numbers. We denote a fuzzy real-valued
double sequence by 〈Xnk〉, where Xnk are fuzzy real numbers for each n, k ∈ N .
The initial works on double sequences of real or complex terms is found in Bromwich [3]. Hardy [4] introduced the
notion of regular convergence for double sequences of real or complex terms. The works on double sequence was further
investigated by Moričz [5], Basarir and Solancan [6], Tripathy and Sarma [7] and many others.
We procure the following definitions on fuzzy real-valued double sequences:
Definition. A fuzzy real-valued double sequence 〈Xnk〉 is said to be convergent in Pringsheim’s sense to the fuzzy real number
X , if for every ε > 0, there exists n1 = n1(ε), k1 = k1(ε), such that d¯(Xnk, X) < ε for all n ≥ n1 and k ≥ k1.
Definition. A fuzzy real-valued double sequence 〈Xnk〉 is said to be bounded if
sup
n,k
d¯(Xnk, 0¯) <∞,
equivalently, if there exists µ ∈ R(I)∗, such that |Xnk| ≤ µ for all n, k ∈ N ,
Where R(I)∗ denotes the set of all positive fuzzy real numbers.
Definition. A fuzzy real-valued double sequence 〈Xnk〉 is said to be regularly convergent if it is convergent in Pringsheim’s
sense and the followings hold:
For a given ε > 0, there exists n0 = n0(ε, k) and k0 = k0(ε, n) such that
d¯(Xnk, Lk) < ε, for all n ≥ n0, for some Lk ∈ R(I) for each k ∈ N, and
d¯(Xnk,Mn) < ε, for all k ≥ k0, for someMn ∈ R(I) for each n ∈ N.
Definition. A fuzzy real-valued double sequence space EF is said to be normal (or solid) if 〈Ynk〉 ∈ EF , whenever |Ynk| ≤ |Xnk|
for all n, k ∈ N and 〈Xnk〉 ∈ EF .
Definition. A fuzzy real-valued double sequence space EF is said to bemonotone if EF contains the canonical pre-images of
all its step spaces.
Definition. A fuzzy real-valued double sequence space EF is said to be symmetric if 〈Xpi(n),pi(k)〉 ∈ EF , whenever 〈Xnk〉 ∈ EF ,
where pi is a permutation of N .
Definition. A fuzzy real-valued double sequence space EF is said to be convergence free if 〈Xnk〉 ∈ EF whenever 〈Ynk〉 ∈ EF
and Ynk = 0¯ implies Xnk = 0¯.
Hardy [4] introduced the notion of regular convergence for double sequences.
A double sequence 〈ank〉 is said to converge regularly if it converges in Pringsheim’s sense and in addition the following
limits hold:
lim
k→∞ ank = Ln (n ∈ N) exist,
lim
n→∞ ank = Jk (k ∈ N) exist.
The notion of difference sequence space for complex terms was introduced by Kizmaz [8], defined by
Z(∆) = {(xk) : (1xk) ∈ Z}, for Z = `∞, c, c0, where1xk = xk − xk+1, for all k ∈ N.
The notion was further investigated by Tripathy [9,10], Tripathy and Mahanta [11] and many others.
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The notion of fuzzy real-valued double difference sequence spaces of crisp set was introduced by Tripathy and Sarma [7].
We now give the fuzzy analogues of the same as follows:
Z(∆) = {〈Xnk〉 : 〈1Xnk〉 ∈ Z}, for Z = (2`∞)F , (2c)F , (2c0)F ,
where1Xnk = Xnk − Xn+1,k − X,nk+1 + Xn+1,k+1, for all n, k ∈ N .
Hardy [4] introduced the notion of bounded variation of double sequences of real or complex terms and defined as
follows:
〈xnk〉 is of bounded variation in (n, k), if
(i) xnk is for every fixed value of n and k, of bounded variation in n or k,
(ii) the series
∑∑ |1xnk| is convergent.
Tripathy [12] introduced the notion of statistically bounded variation for single sequences of real or complex terms, on
extending the notion of bounded variation sequences and investigated its different algebraic and topological properties.
In this article we introduce the class of fuzzy real-valued bounded variation double sequences 2bvF as follows:
2bvF =
{
(Xnk) :
∞∑
n=1
∞∑
k=1
d¯(1Xnk, 0¯) <∞
}
.
where1Xnk = Xnk − Xn+1,k − Xn,k+1 + Xn+1,k+1, for all n, k ∈ N .
3. Main results
Theorem 1. The class of sequences 2bvF is a complete metric space with respect to the metric ρ defined by
ρ(X, Y ) = sup
n
d¯(Xn1, Yn1)+ sup
k
d¯(X1k, Y1k)+
∞∑
n=1
∞∑
k=1
d¯(1Xnk,1Ynk). (1)
Proof. It can be easily verified that ρ, defined by (1) is a metric on 2bvF . Let 〈X i〉 be a Cauchy sequence in 2bvF . Then for a
given ε > 0 there exists a positive integer n0 such that
ρ(X i, X j) = sup
n
d¯(X in1, X
j
n1)+ sup
k
d¯(X i1k, X
j
1k)+
∞∑
n=1
∞∑
k=1
d¯(1X ink,1X
j
nk) < ε, for all i, j ≥ n0. (2)
⇒ d¯(X in1, X jn1) < ε, for all i, j ≥ n0.
⇒ (X in1) is a Cauchy sequence in R(I), for all n ∈ N.
Since R(I) is a complete metric space by the metric d¯, so (X in1)
∞
i=1 converges for each n ∈ N .
Let limi→∞ X in1 = Xn1, for each n ∈ N , and similarly from (2) we have (X i1k) is a Cauchy sequence and hence convergent.
Let limj→∞ X i1k = X1k, for each k ∈ N . Again from (1) we have (1X ink)∞i=1 is a Cauchy sequence for each n, k ∈ N . Hence
(1X ink) converges for each n, k ∈ N .
Let us consider (1X i11). Then (X
i
11), (X
i
12) and (X
i
21) are convergent. Hence (X
i
22) converges. Let limi→∞ X
i
22 = X22. Next
consider (1X i12). Then (X
i
12), (X
i
22) and (X
i
13) are convergent. Thus (X
i
23) converges.
Proceeding in this way inductively, we have (X ink) converges for each n, k ∈ N . Let limi→∞ X ink = Xnk, for all n, k ∈ N .
Taking limit as j→∞ in (2), we have ρ(X i, X) < ε for all i ≥ n0. Now for all i ≥ n0 we have
ρ(X, 0¯) = ρ(X, X i)+ ρ(X i, 0¯)
< ε + K
< ∞.
Hence the sequence space 2bvF is a complete metric space. 
Theorem 2. The fuzzy real-valued double sequence space 2bvF is not convergence free.
Proof. The result follows from the following example. 
Example 1. Consider the fuzzy real-valued double sequence 〈Xnk〉 defined by
Xnn(t) =

(n3t + 1), for − 1
n3
≤ t ≤ 0,
(1− n3t), for 0 ≤ t ≤ 1
n3
,
0, otherwise.
Xnk = 0¯, for n 6= k.
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(            ) (          )
Then the sequence 〈1Xnk〉will be as follows
For n = k,
1Xnn(t) =

(
n3(n+ 1)3
n3 + (n+ 1)3 t + 1
)
, for − n
3 + (n+ 1)3
n3(n+ 1)3 ≤ t ≤ 0,(
1− n
3(n+ 1)3
n3 + (n+ 1)3 t
)
, for 0 ≤ t ≤ n
3 + (n+ 1)3
n3(n+ 1)3 ,
0, otherwise;
for n+ 1 = k and for n− 1 = k,
1Xnk = Xnn,
and 1Xnk = 0¯, otherwise.
Thus∑
n
∑
k
d¯(1Xnk, 0¯) =
∑
n
{
1
n3
+ 1
(n+ 1)3
}
=
∑
n
{
2n3 + 1+ 3n(n+ 1)
n3(n+ 1)3
}
<∞.
Hence 〈Xnk〉 ∈ 2bvF .
Consider the sequence 〈Ynk〉 defined by
Ynn(t) =

(nt + 1), for − 1
n
≤ t ≤ 0,
(1− nt), for 0 ≤ t ≤ 1
n
,
0, otherwise;
Ynk = 0¯, for n 6= k.
(            ) (          )
Then the sequence 〈1Ynk〉will be as follows:
1Ynn(t) =

(
n(n+ 1)
2n+ 1 t + 1
)
, for − 2n+ 1
n(n+ 1) ≤ t ≤ 0,(
1− n(n+ 1)
2n+ 1 t
)
, for 0 ≤ t ≤ 2n+ 1
n(n+ 1) ,
0, otherwise;
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for all n+ 1 = k and n− 1 = k,
1Ynk = Ynn,
and 1Ynk = 0¯, otherwise.
Then∑
n
∑
k
d¯(1Ynk, 0¯) =
∑
n
{
1
n
+ 1
n+ 1
}
=
∑
n
{
2n+ 1
n(n+ 1)
}
= ∞.
Thus 〈Ynk〉 6∈ 2bvF .
Hence the sequence space 2bvF is not convergence free.
Theorem 3. The fuzzy real-valued double sequence space 2bvF is not symmetric.
Proof. The proof follows from the following example: 
Example 2. Consider the double sequence 〈Xnk〉 defined as follows:
For all n odd,
Xnn(t) =

(1+ n2t), for − 1
n2
≤ t ≤ 0,
(1− n2t), for 0 ≤ t ≤ 1
n2
,
0, otherwise.
X1k = 1¯, for all k ≥ 2.
Xnk = 0¯, otherwise.
The double infinite array representation of the sequence 〈Xnk〉 is given by
〈Xnk〉 =

X11 1¯ 1¯ 1¯ . . .
0¯ 0¯ 0¯ 0¯ . . .
0¯ 0¯ X33 0¯ . . .
− − − − . . .
 .
The sequence 〈1Xnn〉 is given by
1Xnn(t) =

(
n2(n+ 1)2
2n2 + 2n+ 1 t + 1
)
, for − 2n
2 + 2n+ 1
n2(n+ 1)2 ≤ t ≤ 0,(
1− n
2(n+ 1)2
2n2 + 2n+ 1 t
)
, for 0 ≤ t ≤ 2n
2 + 2n+ 1
n2(n+ 1)2 ,
0, otherwise.
The double infinite array representation of the sequence 〈∆Xnk〉 is given by
〈1Xnk〉 =

X11 − 1¯ 0¯ 0¯ 0¯ . . .
0¯ X33 −X33 0¯ . . .
0¯ −X33 X33 + X44 −X44 . . .
− − − − . . .
 .
Then∑
n
∑
k
d¯(1Xnk, 0¯) =
∑
n
{
1
n2
+ 1
(n+ 1)2
}
=
∑
n
{
2n2 + 2n+ 1
n2(n+ 1)2
}
<∞.
Hence 〈Xn〉 ∈ 2bvF .
Consider 〈Ynk〉, a rearrangement of 〈Xnk〉 defined by,
Ynn = Xnn.
Ynk = 0¯, for n 6= k and n even;
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for n 6= k and n odd,
Ynk =
{
1¯, for k odd,
0¯, otherwise.
The double infinite array representation of the sequence 〈Ynk〉 is given by
〈Ynk〉 =

X11 0¯ 1¯ 0¯ . . .
0¯ 0¯ 0¯ 0¯ . . .
1¯ 0¯ X33 0¯ . . .
− − − − . . .
 .
The double infinite array representation of the sequence 〈∆Ynk〉 is given as
〈1Ynk〉 =

X11 −1¯ 1¯ −1¯ . . .
−1¯ X33 −X33 1¯ . . .
1¯ −X33 X33 −1¯ . . .
− − − − . . .
 .
Then clearly
∑
n
∑
k d¯(1Ynk, 0¯) = ∞.
Thus 〈Ynk〉 6∈ 2bvF .
Hence the sequence space 2bvF is not symmetric.
Theorem 4. The fuzzy real-valued sequence space 2bvF is not solid and hence not monotone.
Proof. The proof follows from the following example. 
Example 3. Consider the double sequence 〈Xnk〉 defined by,
X1k = 1¯, for all k ≥ 2.
Xn1 = −1¯, for n ≥ 2.
Xnn(t) =

(1+ n2t), for − 1
n2
≤ t ≤ 0,
(1− n2t), for 0 ≤ t ≤ 1
n2
,
0, otherwise.
Xnk = 0¯, otherwise.
(            ) (          )
The double infinite array representation of the sequence 〈Xnk〉 is given by
〈Xnk〉 =

X11 1¯ 1¯ 1¯ . . .
−1¯ X22 0¯ 0¯ . . .
−1¯ 0¯ X33 0¯ . . .
− − − − . . .
 .
Then 〈1Xnk〉 is given by
〈1Xnk〉 =

X11 + X22 −X22 0¯ 0¯ . . .
−X22 X22 + X33 −X33 0¯ . . .
0¯ −X33 X33 + X44 −X44 . . .
− − − − . . .
 .
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Then we have∑
n
∑
k
d¯(1Xnk, 0¯) = 2
∑
n=1
d¯(Xnn, 0¯)+
∑
n=1
d¯(Xnn + Xn+1,k+1, 0¯)
= 2
∑
n=1
1
n2
+
∑
n=1
(
1
n2
+ 1
(n+ 1)2
)
<∞.
Hence 〈Xnk〉 ∈ 2bvF .
Now consider the sequence 〈Ynk〉 defined by,
Y1k = 1¯, all k even,
Yn1 = −1¯, for all n even
and
Ynk = 0¯, otherwise.
Then clearly
∑
n
∑
k d¯(1Ynk, 0¯) = ∞.
Thus |Ynk| ≤ |Xnk| and 〈Ynk〉 6∈ 2bvF .
Hence the sequence space 2bvF is not solid.
4. Conclusions
In this article we have introduced the class of sequences 2bvF of fuzzy real numbers. We have investigated its different
algebraic and topological properties. The properties of bounded variation sequences have been applied for investigations in
other branches of science. It is hoped that the properties investigated in this article can be applied for studying the fuzzy
analogue of those results.
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